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AN EXPLICIT DERIVED EQUIVALENCE OF AZUMAYA ALGEBRAS
ON K3 SURFACES VIA KOSZUL DUALITY
COLIN INGALLS AND MADEEHA KHALID
Abstract. We consider moduli spaces of Azumaya algebras on K3 surfaces and construct
an example. In some cases we show a derived equivalence which corresponds to a derived
equivalence between twisted sheaves. We prove if A and A′ are Morita equivalent Azumaya
algebras of degree r then 2r divides c2(A) − c2(A′). In particular this implies that if A is
an Azumaya algebra on a K3 surface and c2(A) is within 2r of its minimal bound then the
moduli stack of Azumaya algebras with the same underlying gerbe, if non empty, is a proper
algebraic space.
1. Introduction
In this paper we investigate specific examples of moduli spaces of Azumaya algebras on K3
surfaces and their derived equivalences.
Often in mathematical physics one is interested in field theories with non trivial B-fields.
The B-field is a finite order element in the second cohomology. Equivalences between physical
theories with B-fields, can be interpreted in terms of derived equivalences of twisted sheaves
[24]. Twisted sheaves correspond to modules over Azumaya algebras when the Picard group is
torsion free, and so examples of derived equivalences between modules over Azumaya algebras
are also relevant to string theory.
Section 2 contains the preliminaries and basic definitions. In section 3, we review a classical
example of an Azumaya algebra A that arises from a quadric bundle on P2. The centre of A
is the K3 surface M which is a double cover of P2 branched over a sextic curve. The sextic
curve parameterises the degenerate quadrics. We calculate invariants of A and prove that A
has no deformations. Moreover A has index 2 and degree 4 so is clearly not a division algebra
at the generic point. By a reduction technique we construct a family of Azumaya algebras
that are Morita equivalent to A and are also division algebras at the generic point. These
Azumaya algebras have χ = 0 and c2 = 8. We prove that the moduli space of these Azumaya
algebras is the K3 surface X given by the base locus of the quadric bundle. This is like an
inverse to the classical Mukai correspondence [22]. Our original motivation for studying this
problem came from mathematical physics with a view towards reformulating Mukai’s results
in the context of Azumaya algebras.
In Section 5 we extend Bridgeland’s methods [5] to the categories of modules over Azumaya
algebras and reformulate Mukai’s results on moduli spaces of sheaves in terms of derived
equivalences of Azumaya algebras. This also has an application to the above example in
Sections 3 and 4. Another interpretation of this equivalence is in terms of twisted sheaves
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[8], [13],[27], [13]. Section 6 contains some results about Chern classes of Morita equivalent
Azumaya algebras. In particular we show that for an Azumaya algebra A of degree r, if c2(A)
is within 2r of its lower bound then c2(A) is minimal. When A is an Azumaya algebra on a
K3 surface this implies that the moduli space of these Azumaya algebras is proper [1].
Acknowledgements The second author would like to thank Bernd Kreussler for many helpful
discussions. The second author would also like to thank Professor Le Dung Trang for his
support during the author’s stay at Abdus Salam International Centre for Theoretical Physics,
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2. Brauer Group Basics
In this section we recall some basic definitions and set up the notation for later use. The
base field k is an algebraically closed field with characteristic p such that p is not equal to 2
or 3. Some of the general results also require that p does not divide the index, period, and
rank of the Azumaya algebras. We assume that all our schemes are integral and reduced,
unless specified otherwise. We also assume all cohomology is e´tale unless otherwise noted.
We denote by D(A) the bounded derived category of complex of A-modules with coherent
cohomology.
The Brauer group Br(K), of a field K is the set of equivalence classes of central simple
algebras over K. We have
Br(K) = H2(Gal(K/K),K∗) = H2e´t(SpecK,Gm).
This notion generalises to schemes also. For more details of this and the following results see
[20].
Definition 2.1. Let X be a reduced integral scheme. An Azumaya algebra A on X is a
coherent sheaf of OX -algebras such that
(1) A is a locally free OX-module of rank n2.
(2) For every geometric point p ∈ X , the fibre Ap := A⊗ κ(p) is isomorphic to κ(p)n×n,
the algebra of n× n matrices over κ(p).
The integer n is called the degree of A. The second condition is equivalent to Ap being a
central simple κ(p)-algebra. E´tale locally an Azumaya algebra is the sheaf of endomorphisms
of a vector bundle.
Theorem 2.2. Let X be a scheme, and let A be a sheaf of OX-algebras, that is locally free
of finite rank as a OX-module. Then A is an Azumaya algebra on X if and only if for every
point p ∈ X, there exists an e´tale neighbourhood π : U → X of p and a locally free sheaf E
on U such that π∗A ≃ End U(E).
Proposition 2.3. Let A be an Azumaya algebra. Then there is a trace pairing tr : A⊗A→ O
that is nondegenerate so A ≃ A∗ as O-modules.
Two Azumaya algebras A and A′ are said to be Morita equivalent if and only if there exist
locally free sheaves V,W such that
End V ⊗A ≃ End W ⊗ A′.
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This defines an equivalence relation on the set of Azumaya algebras on a scheme X, because
End V ⊗ End W ≃ End (V ⊗W ). The tensor product of two Azumaya algebras is another
Azumaya algebra, and this operation is compatible with the equivalence relation.
Definition 2.4. The Brauer group, Br(X) of a scheme X, is the group of Morita equivalence
classes of Azumaya algebras, under the operation
[A][A′] = [A⊗A′]. The identity element is [OX ] and [A]−1 = [Aop].
Definition 2.5. The period of an Azumaya algebra A, is its order in the Brauer group. The
index is
√
dimK D where K is the field of fractions of Z(A) and A ⊗ K ≃ Dn×n with D a
division algebra with centre K.
A central simple algebra is a division algebra if its degree equals its index. A celebrated
theorem of De Jong [9] states that the index of a central simple algebra on a surface is equal
to its period. Hence to calculate the index of an Azumaya algebra on a surface it is enough
to calculate its order in the Brauer group. The following fact is well known.
Proposition 2.6. Let X be a regular, integral, scheme and k(X) the field of rational functions
on X. There is an injection Br(X) →֒ Br(k(X)) induced by restricting an Azumaya algebra
to the generic point.
Since an Azumaya algebra is torsion free, there is an injective sheaf map A →֒ A⊗ k(M).
We refer to the central simple algebra A ⊗ k(M) as k(A). The next statement follows from
the Skolem-Noether Theorem.
Theorem 2.7. Let A be an Azumaya algebra on X. Then any automorphism of A is Zariski
locally an inner automorphism.
The automorphism group of GLn(OX) is PGLn(OX), so an Azumaya algebra A corresponds
to an element ofH1(X,PGLn(OX)).We denote the image of A in H1(X,PGLn(OX)) by c(A).
If A = End V for some locally free sheaf V then c(A) is trivial in H1(X,PGLn(OX)).
We have a short exact sequence
1→ O∗ → GLn(OX)→ PGLn(OX)→ 1.
In the associated long exact sequence, we have
H1(X,O∗)→ H1(X,GLn(OX))→ H1(X,PGLn(OX)) δ→ H2(X,O∗).
The maps δ are compatible for varying n, and
δ(c(A)⊗ c(A′)) = δ(c(A))⊗ δ(c(A′)).
So we get a natural injection Br(X) →֒ H2(X,O∗).
In many cases this is an isomorphism, in particular when X is a smooth projective variety.
We mention some results on moduli of Azumaya algebras from [1] which we will use later.
Let X be a smooth projective surface and let α ∈ Br(X) be a Brauer class. If S is a
scheme, we consider Azumaya algebras AS of degree n over XS = X × S with fixed degree n
and for every closed point s of S, the Brauer class of As, the restriction of AS to U×{s}, is α.
Let A denote the functor where A(S) is the set of isomorphism classes of Azumaya algebras
satisfying the conditions above. If AS is a family of Azumaya algebras, the Chern class c2(As)
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for s ∈ S is a locally constant function on S. Define Ac to be the functor where Ac(S) is the
isomorphism classes of Azumaya algebras AS over S with c2(As) = c for s ∈ S. The following
Theorem is due to Artin and de Jong [1].
Theorem 2.8. [Theorems 8.7.6, 8.7.7] Let Ac be as above.
(1) If H1(X, µn) = 0 then the functor Ac is representable as an algebraic space.
(2) If c denotes the minimal second Chern class for the Brauer class α, then the algebraic
space Ac if non empty is proper.
We mostly work with Azumaya algebras A over an algebraic K3 surface X , although the
results in Section 6 apply to all surfaces.
Definition 2.9. A K3 surface X is a smooth, simply connected, complex surface with trivial
canonical bundle.
We say that A is simple if H0(X,A) = k.
Proposition 2.10. Let X be a regular, integral scheme and E a vector bundle on X. Let A
be an Azumaya algebra on X with r2 = rkA.
(1) If E is a simple vector bundle then A = End E is simple.
(2) If X is K3 and A is simple then H2(X,A) = k and c2(A) ≥ 2r2 − 2.
Proof. (1) This is just by definition, since E is simple means EndE = k, so h0(A) =
h0(End E) = 1.
(2) By Serre Duality we get H0(A) = H2(A∗). But A ≃ A∗ via the trace pairing A⊗A→ O,
so H2(X,A) = k. The Riemann-Roch Theorem implies χ(A) = h0(A) − h1(A) + h2(A) =
[chA. tdTX ]2. Since A ≃ A∗, we have c1(A) = 0, so chA = r2 − c2t2 and td TX = 1+ 2t2. So
χ(A) = 2r2 − c2 ≤ h0(A) + h0(A∗) hence 2r2 − c2 ≤ 2. 
3. The Koszul–Clifford Algebras and K3 Surfaces
In this section we review a classical construction of an Azumaya algebra, calculate its
invariants and prove that it has no deformations.
3.1. Quadrics. For the reader’s convenience we review some facts about quadratic forms
on vector spaces. Let V denote an n dimensional complex vector space. By a quadratic form
Q on V we mean a symmetric bilinear pairing
Q : V × V → k.
If we choose a basis kn ≃ V then There is an n×n symmetric matrix S = (sij) corresponding
to Q such that for any v, w ∈ V ,
Q(v, w) = vSwT .
In terms of coordinates on V , Q(v, v) is a homogeneous quadratic polynomial and hence
defines an associated quadric hypersurface
Q = {[v] ∈ PV : Q(v, v) = 0}
in the projective space PV. Conversely any quadric hypersurface Q in PV , defined by the zero
locus of a homogeneous polynomial of degree 2 lifts to a quadratic form Q on V .
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We define the rank of Q to be the rank of the matrix S. If the rank of S is n or equivalently
if Q is smooth then Q is called nondegenerate, otherwise Q is called degenerate.
A linear subspaceW ⊂ V is an isotropic subspace forQ if Q|W ≡ 0 or equivalently PW ⊂ Q.
If the dimension of V is n and dimension ofW is ⌊n/2⌋ thenW is said to bemaximal isotropic.
The isotropic Grassmannian
IsGr(Q) = IsGr(⌊n/2⌋, n, Q) = {W ⊂ V : dimW = ⌊n/2⌋, Q|W ≡ 0}
is the variety of maximal isotropic subspaces of Q. Equivalently we can consider the quadric
hypersurface Q ⊂ PV in which case the the maximal isotropic subspaces correspond to
families of Pn−1 contained in Q. If Q has rank 2n, then IsGr(n, 2n,Q) is smooth of dimension
n(n − 1)/2 and consists of two disjoint connected components. If Q has rank 2n − 1 and
dimension 2n, then IsGr(n, 2n,Q) is still smooth, of dimension n(n− 1)/2 but now has only
one component [11] Chapter 6. For example a smooth quadric surface in P3 has two families
of lines on it whereas a quadric cone has only one family of lines.
The Clifford algebra Cl(Q) of a quadratic form Q on a vector space V is defined as
Cl(Q) := k〈V 〉/(v ⊗ v = Q(v, v)), where k〈V 〉 =
⊕
V ⊗n.
The even degree terms form a subalgebra known as the even Clifford algebra Cl0(Q). In the
next subsection we extend these notions to vector bundles.
3.2. A Classical Construction. Let Q0, Q1, Q2 be rank 6 quadratic forms on k
6 and
Q0, Q1, Q2 the associated quadric hypersurfaces in P
5. Let Q be the net of quadrics spanned
by Q0, Q1 and Q2. We denote by X the base locus of Q. In general X is a complete intersec-
tion and is a smooth K3 surface of degree 8 in P5. We can also view Q as a quadratic form
on the trivial vector bundle O6
P2
, with values in OP2(1)
Q : Sym2(O6
P2
)→ OP2(1).
We denote by Q the vanishing locus V (Q) in the corresponding projective bundle P2 × P5.
For generic choice of Q0, Q1, Q2, the locus of degenerate quadrics is a smooth degree 6 curve
in P2 given by C = V (det(Q)), and furthermore all quadrics in the net have rank ≥ 5. We
assume that this is the case unless specified otherwise.
More generally we can define a quadratic form on a vector bundle with values in a line
bundle.
Definition 3.1. Let V be a rank n vector bundle on a variety Z. By a quadratic form Q on
V with values in a line bundle L, we mean a map
Q : Sym2 V → L.
The rank of Q restricted to the generic fibre is defined to be the rank of Q. The fibrewise
vanishing locus V (Q) in PV , defines a family of quadric hypersurfaces over the base variety
Z. We call this the quadric bundle Q over the base Z.
If L = O there is a Clifford algebra Cl(Q) associated to (Q, V ),
Cl(Q) = T (V )/(v ⊗ v −Q(v, v))
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where v is a local section of V [4]. The relations defining Cl(Q) are in Sym• V . Locally we
have
Cl(Q) = O ⊕ V ⊕ ∧2V ⊕ · · · ⊕ ∧nV.
The even subalgebra is
Cl0(Q) = O ⊕∧2V ⊕ ∧4V ⊕ · · · .
If L 6= O, there isn’t a notion of a Clifford algebra as such. However following the con-
struction in [4] we can still form an algebra with a sheaf structure
Cl0(Q) = O ⊕ (∧2V ⊗ L−1)⊕ (∧4V ⊗L−2)⊕ · · · .
We take the tensor product T (V,L) of the Z graded algebras ⊕V ⊗i and ⊕Li,
T (V,L) :=
⊕
V ⊗i ⊗Z ⊕L−j .
Sym2(V ) ⊂ V ⊗Z V so we may consider Q as a relation in T (V,L) and define the Clifford
algebra Cl(Q) to be the quotient of T (V,L) with defining relations Q. More precisely let
I ⊂ T (V,L) be the two sided ideal generated by sections of the form t⊗ t−Q(t), for t a local
section of V . Then let Cl(Q) := T (V,L)/I. The algebra Cl(Q) is no longer bigraded but if
we assign degree 1 to V and degree 2 to L−1, then the relation t⊗ t−Q(t) is homogeneous
of degree 2. The degree 0 part Cl0(Q) is called the even Clifford Algebra associated to the
quadratic form Q on V . If L = O we get the usual even Clifford algebra in this way.
For our next result we need the following notions. Let A and B be Z2 graded algebras.
We define a new graded algebra A ⊗ B where the multiplication has the sign conventions
(a ⊗ b)(a′ ⊗ b′) = (−1)deg(b) deg(a′)aa′ ⊗ bb′. There is a natural grading on the matrix algebra
k2×2 called the checkerboard grading
k2×20 =
[
k 0
0 k
]
k2×21 =
[
0 k
k 0
]
.
The following Lemma [17] is straightforward;
Lemma 3.2. Let B be a Z2 graded algebra. Then there exists an isomorphism of graded
algebras φ : k2×2 ⊗ B → B2×2.
Let H be the quadratic form given by the hyperbolic lattice
[
0 1
1 0
]
. It is well known that
Cl(H) ≃ k2×2 and Cl0(H) ≃ k ⊕ k. It follows that Cl(H)⊗B ≃ B2×2. In particular
B2×20 =
[
B0 B1
B1 B0
]
.
Proposition 3.3. Let Q : Sym2O6
P2
→ OP2(1) be a quadratic form on the trivial bundle
O6
P2
. Then Cl0(Q) is an Azumaya algebra over its centre Z, whose underlying scheme is
φ :M → P2, the double cover of P2 branched along the curve V (detQ).
Proof. In other words Cl0(Q) = φ∗A, where A is an Azumaya algebra onM. This follows from
local calculations of the Clifford algebra, by modifying the methods in [17] to modules over
kJtK. Since the quadratic form has rank six over any point p not in V (detQ) we compute that
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Cl0(Q) ⊗ k(p) ≃ (k4×4)⊕2. Next we need to compute the behaviour over a local transverse
slice of the sextic V (detQ). We may assume that Q = H ⊕H ⊕ qt where
qt =
[
1 0
0 t
]
.
We first consider the quadratic form given by Qt = H ⊕ qt. Then
Cl(Qt) = Cl(H)⊗ Cl(qt) ≃ k2×2 ⊗ Cl(qt), and
Cl0(Qt) =
[
Cl0(qt) Cl1(qt)
Cl1(qt) Cl0(qt)
]
.
Let e1, e2, e3, e4 denote the standard basis for the underlying kJtK module on which Qt is a
quadratic form. Then Cl(qt) = k〈e3, e4〉/(e23 − 1, e24 − t, e3e4 + e3e4) and Cl0(qt) ≃ kJ
√
tK
since (e3e4)
2 = −t. The element e3 in Cl1(qt) is invertible. An easy computation shows that
e3Cl1(qt) = Cl1(qt)e3 = Cl0(qt). Moreover, conjugation by e3 = e
−1
3 acts by an automorphism
on Cl0(qt) since e3Cl0(qt)e3 = Cl0(qt). Now conjugation by the element[
1 0
0 e3
]
acting on Cl0(Qt) gives an isomorphism Cl0(Qt) ≃ Cl0(qt)2×2 ≃ kJ
√
tK2×2. The generalisation
to Q is essentially the same argument.
So Cl0(Q) is an Azumaya algebra over its centre Z(A). The underlying scheme M of Z(A)
is a double cover of P2 branched over the locus of degenerate quadrics. 
We use Koszul algebras to calculate invariants of A. There are several equivalent ways of
defining a Koszul algebra one of which is the following:
Definition 3.4. Let R =
⊕
n≥0Rn be a graded algebra with R0 = k. Suppose R has a
minimal free resolution of R0 = k with finite generated free modules
· · · → R⊕n2 d2→ R⊕n1 d1→ R d→ k → 0.
Then R is Koszul if and only if the entries of di are all of degree one.
The Koszul dual of an algebra is defined as the Yoneda algebra R! := Ext•(k, k).
Proposition 3.5. The homogeneous coordinate ring of a complete intersection of quadrics
is Koszul. If R is Koszul, then HR(t)HR!(−t) = 1 where HR(t) is the Hilbert series of R.
For a proof see [19].
When R = k〈V 〉/J for J ⊂ V ⊗ V , the Koszul dual has the nice form R! = k〈V ∗〉/J⊥.
Consider the family Q of quadratic forms on V ≃ k6 as before. The base locus X of Q in P5
is a complete intersection of three quadrics Q0, Q1, Q2. Let y = (y0, y1, y2, y3, y4, y5) denote
the coordinates on V , and let f0, f1, f2 be the respective defining polynomials of the quadric
hypersurfaces.
The homogeneous coordinate ring R, of X is Koszul and is given by
R = k〈V 〉/J, where J := ([yi, yj], f0(y, y), f1(y, y), f2(y, y)).
The Hilbert series of X is
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HR(t) =
(1− t2)3
(1− t)6 =
(1 + t)3
(1− t)3 .
Since HR(t)HR!(−t) = 1, it follows that HR(t) = HR!(t). Computing this Hilbert series yields
(1 + t)3
(1− t)3 = −1 +
∞∑
i=0
(4i2 + 2)ti
We also have the equality of algebras
v2(R
!) :=
⊕
n≥0
R!2n =
⊕
n≥0
H0(M,A(n)),
where A is as in 3.3 [6] [16]. So we may interpret R! as the polarisation of A by the invertible
bimodule A(OM(1)/2), but it will be more convenient to use the polarisation OM(1) itself.
The Hilbert Series of v2(R
!) consists of the even terms of HR!(t), so
Hv2(R!)(t) = −1 +
∑
n
(16n2 + 2)tn = 1 + 18t+ 66t2 + · · · .
By the Hirzebruch-Riemann-Roch formula we get χ(A(n)) = 16n2 + 32 − c2(A) = h0(A(n))
for n >> 0.
Comparing coefficients with the known Hilbert series Hv2(R!)(t), we get χ(A(n)) = 16n
2+2
for all n.
In particular, χ(A) = h0(A)− h1(A) + h2(A) = 2. From the first term of the Hilbert series
it follows that h0(A) = 1, hence h2(A) = 1 and h1(A) = 0. Recall from Section 2, that for
a simple Azumaya algebra A, c2(A) ≥ 2r2 − 2. In our case, rk(A) = 16, and c2(A) = 30, so
this Azumaya algebra obtains its possible lower bound for c2(A).
The first order deformations of an Azumaya algebra, A, fixing its centre M , are given by
H1(M,A/OM) with obstructions in H2(M,A/OM), as described in [14].
There is a short exact sequence
0→ OM → A→ A/OM → 0
which is split by the trace map tr : A → OM . From the associated long exact sequence
of cohomology it follows that H1(M,A/OM) = H2(M,A/OM) = 0. Therefore A has no
deformations that fix its centre.
In general A is non-trivial in Br(M). This is easy to see if ρ(M) = 1 i.e. Pic(M) = Z.h
where h2 = 2. The algebra A is trivial in Br(M) if and only if A = V ⊗ V ∨ for some vector
bundle V . Let c1, c2 be the first and second Chern classes of V . Since ρ(M) = 1, c1 = n.h for
some n which implies c21 = 2n
2. Then χ(A) = χ(V ⊗V ∨) = 32+3c21−8c2 = 32+6n2−8c2 = 2.
This implies n2 = 4k−5, for some k. So n has to be odd. Suppose n = 2t+1, then simplifying
the equation yields 2t2 + 2t − 2k = −3 which is a contradiction. Later on in Section 4 we
will prove using a reduction technique that in general A has period 2. It has period 1 if
there exists a class u ∈ Pic(M) which has odd intersection with the hyperplane class. This
is related to a classical moduli problem as well [22], [15].
We summarise these results in the following proposition.
Proposition 3.6. Let A be as in Proposition 3.3. Then,
• h0(A) = 1, χ(A) = 2, c2(A) = 30,
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• A has no deformations fixing its center.
• the generic A has order 2 in Br(M). It is trivial if and only if there exists a class u
in Pic(M) which has odd intersection with the hyperplane class.
4. Moduli of Azumaya algebras
In this section starting with any K3 surfaceM , which is a double cover of P2, we construct a
family of Azumaya algebras on M , parameterised by an associated K3 surface X of degree 8.
We prove that the moduli space of these Azumaya algebras is a compact, irreducible surface.
We then show that X maps injectively into the moduli space hence X is isomorphic to the
moduli space. These algebras have index 2 and period 2 and so are division algebras at the
generic point.
We first describe how to associate to M a net of quadrics Q ⊂ P5.
Definition 4.1. A theta characteristic on a smooth curve C is a line bundle L such that
L⊗2 ∼= ωC . It is called even if H0(L) = 0 (mod 2) and odd otherwise.
Given an ineffective theta characteristic we get a family of symmetric matrices S defining
a quadric bundle Q with V (detQ) = C [3] [25].
Theorem 4.2. Let φ :M → P2 be a double cover of P2 branched along a smooth sextic curve
C. Let L be an even theta characteristic on C such that H0(L) = 0.
(1) Then we have a resolution of L;
0→ OP2(−2)6 S→ OP2(−1)6 → L→ 0.
The matrix S is symmetric and defines a quadric bundle Q with V (detQ) = C. The
base locus X of the corresponding net Q in P5 is smooth.
(2) Conversely, given such a matrix S, its cokernel is a theta characteristic on C with
H0(L) = 0.
There are 2g−1(2g + 1) inequivalent even theta characteristics on a curve of genus g. The
curve C has genus 10, and for generic C the theta characteristics are not effective so we get
29(210 + 1) different nets of quadrics for each M . Since C is smooth, the base locus X of Q
in P5 is also smooth ([25] Lemmas 1.1 and 2.6). In general Pic(X) and Pic(M) have rank 1.
If h0(L) = 2, Pic(M) has rank 2. Then M is isomorphic to X and embeds in P5 as a degree
8 surface. However it is not a complete intersection so the methods in this paper do not
apply. We describe this case in [15].
There is a construction that allows one to pass from a quadric bundle of dimension d to a
quadric bundle of dimension d − 2, and depends on choosing a section. Let M,X and Q be
as in Theorem 4.2 and pick a point x ∈ X. Note that x is a smooth point of every quadric
in the net (Lemma 2.6 [25]). Let a ∈ P2, let Qa be the corresponding quadric hypersurface
in P5 and let TxQa be the projective tangent space to Qa at x. Then Qa ∩ TxQa is a singular
quadric hypersurface in TxQa consisting of the union of all lines in Qa passing through x.
Let F ∼= P3 be a subspace of TxQa not containing x. If a is not in C then Qa is smooth, and
TxQa ∩ Qa is a cone over a smooth quadric surface Qx(a) in F. If a ∈ C then Qa is singular
with a vertex and TxQa ∩ Qa is a cone over a singular quadric surface Qx(a) with a vertex.
Projecting away from x defines a family of quadric surfaces in a P3 bundle. A priori it is not
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obvious that this P3 bundle is the projectivisation of a vector bundle but in fact this family of
quadric surfaces is the vanishing locus of a quadratic form on the vector bundle Ω1
P2
(1)⊕O2
P2
.
Theorem 4.3. Let φ :M → P2 be a double cover of P2 branched along a smooth sextic curve
C and let X and Q be as in Theorem 4.2 for some choice of a theta characteristic L where
H0(L) = 0. Let x ∈ X.
(1) Then projection away from x induces a quadratic form Qx on the vector bundle V ≃
Ω1
P2
(1)⊕O2
P2
, with values in OP2(1). The quadrics have rank 4 everywhere away from
C and have rank 3 on C.
(2) The even Clifford algebra Bx := Cl0(Qx) is a degree 2 Azumaya algebra on M with
χ(Bx) = 0 and c2(Bx) = 8.
Proof. Let a = [a0 : a1 : a2] denote homogeneous coordinates on P
2. We may assume with
out loss of generality that x = [0 : 0 : 0 : 0 : 0 : 1]. Let S be the family of symmetric matrices
corresponding to Q and let TxQ be the rank 5 subbundle of O6P2 , given by
0→ TxQ → O6P2
〈xS,·〉−−−→ OP2(1)→ 0.
Projection away from x induces a map π : O6
P2
→ O5
P2
and we get a commutative diagram,
0 −−−→ TxQ −−−→ O6P2
〈xS,·〉−−−→ OP2(1) −−−→ 0y ypi ∥∥∥
0 −−−→ V −−−→ O5
P2
〈pi(xS),·〉−−−−−→ OP2(1) −−−→ 0.
Here 〈π(xS), ·〉 denotes the induced map from O5 to OP2(1), after projection. After an
appropriate change of basis of O5
P2
we may assume that 〈π(xS), ·〉 = 〈(a0, a1, a2, 0, 0), ·〉. The
Euler exact sequence on P2 twisted with OP2(1) is
0→ Ω1
P2
(1)→ O3
P2
σ→ OP2(1)→ 0,
where for λ = (λ0, λ1, λ2) ∈ H0(O3P2), σ(λ) = a0λ0 + a1λ1 + a2λ2. Then V = ker σ ⊕O2P2 , i.e.
V ≃ Ω1
P2
(1)⊕O2
P2
.
The degenerate quadrics in Qx are exactly those obtained from Q via projection away from
x so they are parameterised by C and have rank 3.
The same arguments as in Proposition 3.3, show that locally across a transversal slice
of the sextic we have Cl0(Qx) = kJ
√
tK2×2. So the even Clifford algebra Cl0(Qx) is an
Azumaya algebra Bx on M , or in other words φ∗Bx = Cl0(Qx). As a sheaf Cl0(Qx) ≃
O ⊕ (∧2V ⊗ O(−1)) ⊕ (∧4V ⊗ O(−2)). It follows that H0(Bx) = k. A computation using
the Grothendieck-Riemann-Roch formula shows that χ(Bx) = 0 and hence c2(Bx) = 8. 
We now show that for all x ∈ X , Bx is Morita equivalent to the Azumaya algebra A where
A is constructed as in Proposition 3.3.
Theorem 4.4. Let A be as in Proposition 3.3 and Bx be as above. Then A is Morita
equivalent to Bx.
Proof. It is enough to show this at the generic point of P2. Since P2 contains an affine open
subset, we have K := K(P2) = K(C2) = k(x, y), so we can view Q as a single quadric on
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V := k(x, y)6. Pick a point x in the base locus of Q and consider Tx(Q) ∩ Q. This is a cone
over a quadric Q′ of rank 4. Since Tx(Q) = {w ∈ V | Q(w, x) = 0} and since Q(x, x) = 0 we
get an induced quadratic form on Tx(Q)/ < x >. Choose a basis fi of Tx(Q)/ < x > and lift
to representatives ei in Tx(Q). Since ei ∈ Tx(Q) it follows that Q(ei, x) = 0. It remains to find
one element w to complete {ei, x} to a basis of V . We require that Q(w, ei) = Q(w,w) = 0.
Since Q is non degenerate it follows that Q(w, x) 6= 0. Consider {s ∈ V | Q(s, ei) = 0}. This
is a two dimensional subspace of V hence describes a line in PV . This line meets Q in two
points one of which is x. Let w be the other point. Then we have that Q = Q′ ⊕H where
H is the hyperbolic lattice. Therefore by standard results on Clifford algebras [17] we get
that Cl0(Q) = Cl0(Q
′)2x2 which implies AK = Bx
2x2
K . Since Br(M) injects into Br(k(M)) it
follows that A is Morita equivalent to Bx. 
We now show that the Azumaya algebras Bx have period 2, which implies they have index
2. Hence they are division algebras at the generic point. Since A is Morita equivalent to Bx,
it also has index 2.
For the next Theorem, we define a quadric bundle to be a variety Q with a map π : Q→ B
to a smooth variety B. So all fibres of Q are quadrics in a fixed projective space P2n−1 = P(V )
and the map π is flat and projective. We further assume that the total space Q is smooth,
and that the fibres of Q have rank 2n generically, and have rank 2n− 1 on a smooth divisor
of the base B.
Let IsGr(Q) be the maximal isotropic Grassmanian of Q. So
IsGr(Q) = {(W, b) ∈ Gr(n, V )× B |W ⊆ Qb for some b ∈ B},
where Gr(n, V ) is the Grassmannian of n dimensional subspaces of V .
Let A be an Azumaya algebra of rankm2 on a smooth variety B. The Brauer-Severi variety
of A, BSV(A), is the variety of m dimensional quotients of A that are also left A-modules.
It is a Pm−1 bundle over the centre of A and its class in H1(PGL(n)) is the same as the class
of A. Note that we have a natural inclusion
BSV(A) ⊆ Gr(A,m)
where Gr(A,m) is the Grassmanian of m-dimensional quotients of A.
Theorem 4.5. Let Q → B be a quadric bundle in P2n−1 = P(V ), then there is a natural
closed immersion
i : IsGr(Q)→ BSV(Cl0(Q))
W 7→ (Cl(Q)W )0 = Cl1(Q)W
which sends a maximal isotropic subspace to the ideal it generates in the even Clifford algebra.
This map is an isomorphism if and only if n ≤ 3.
Proof. Let D be the discriminant divisor of the quadric bundle in the base B. Note that the
Clifford algebra of Q is a vector bundle of rank 22n over the base B, away from D. Hence
the even Clifford algebra has rank 22n−1. This is not a square but the same argument as
in Proposition 3.3 showa that the even Clifford algebra, Cl0(Q), is an Azumaya algebra of
rank 22n−2 over the double cover B˜ of B ramified on D. This implies that the Brauer Severi
variety of Cl0(Q) is in Gr(Cl0(Q), 2
n−1), and that BSV(Cl0(Q)) → B˜ is a P2n−1−1 bundle.
The dimension of the maximal isotropic Grassmannian, or spinor variety, is n(n−1)/2. Since
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n(n − 1)/2 = 2n−1 − 1 only for n = 1, 2, 3 this shows an isomorphism is impossible when
2n > 6.
A local basis computation shows that given a maximal isotropic subspace W , we have that
Cl(Q)1W has codimension 2
n−1 in Cl1(Q). To show the map is an injection, let W,W
′ be
isotropic subspaces above a point b in B and restrict the quadratic form to a neighbourhood U
of b. We will simply write Cl(Q) for the sections of Cl(Q) over U . Now suppose (Cl(Q)W )0 =
(Cl(Q)W ′)0. So we can conclude that Cl(Q)1W = Cl(Q)1W
′. Hence Cl(Q) Cl(Q)1W =
Cl(Q) Cl(Q)1W
′ but since Cl(Q) Cl(Q)1 = Cl(Q), we see that Cl(Q)W = Cl(Q)W
′. Since
we are working locally, we can filter the Clifford algebra in the usual way. A basis argument
using the fact that W is isotropic shows that we can now recover W from the associated
graded of Cl(Q)W so we get W = W ′.
We now show that the map is an isomorphism explicitly for the case n = 2. The case
n = 3 is similar. This is well known if there is no discriminant, so we compute an explicit
isomorphism for the map locally at a point in the discriminant. We take a formal disk
transversal to the divisor B and denote this by ∆t = Spec kJtK with V (t = 0) = D locally.
We can choose a basis of V ×∆ so that our quadric has Gram matrix:(−1 0
0 t
)⊕(0 1
2
1
2
0
)
.
We show that we have explicit parametrizations:
P1[a:b] ×∆θ P1[x:y] ×∆sy
y
IsGr(Q)
i−−−→ BSV(Cl0(Q))
that allow us to show that the map i is an isomorphism. We first parametrize IsGr(Q).
Choose a basis e1, . . . , e4 of V and consider the natural basis ei∧ej on the Plucker embedding
of Gr(2, V ). Consider two arbitrary vectors in V with coordinates u = (ui) and v = (vi), and
impose
−u21 + tu22 + u3u4 = −v21 + tv22 + v3v4 = −u1v1 + tv2u2 + (u3v4 + u4v3)/2 = 0
to ensure that u, v span an isotropic space. This describes a closed subvariety of P(V )×P(V ).
We now compute the image of the map (u, v) 7→ u∧v in Gr(2, V )×∆. We write∑Eijei∧ ej
for a vector in ∧2V .
So we can compute that IsGr(Q) is the closed subvariety of Gr(2, V ) described by the
equations:
2E13E24 −E12E34, 2E14E23 + E12E34,
2E13E14 + E
2
34, E12E14 + E24E34,
E12E13 −E23E34, E212 − 2E23E24,
tE224 −E214, 2tE23E24 − E234,
tE12E24 + E14E34, tE
2
23 − E213,
tE12E23 −E13E34.
It is easy to verify that this has the desired properties of having fibres the disjoint union
of two conics for t 6= 0 and a single conic when t = 0.
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Let θ2 = t and let [a : b] ∈ P1. Note that the vectors
w1 = (ab, 0, a
2, b2) and w2 = (0, ab,−a2θ, b2θ)
span a two dimensional isotropic subspace of quadratic form Qt when a 6= 0.
Now we can write our parametrization
P
1 ×∆→ IsGr(Q)
given by
[a : b, θ] 7→ w1∧w2 = [ab,−a2θ : b2θ : −a2 : −b2 : 2abθ, θ2] = [E12 : E13 : E14 : E23 : E24 : E34, t].
Note that this extends naturally to include the case a = 0. A further computation shows that
the image of this map is also cut out by the same equations above proving, that we have an
isomorphism.
Next we parametrize BSV(Cl0(Q)). Now we have another isomorphism
Cl0Q ≃ kJsK2×2,
where s2 = t. Note that Cl0Q is generated by even products of the ei
e1e2 7→
(
s 0
0 −s
)
, e1e3 7→
(
0 −1
0 0
)
, e1e4 7→
(
0 0
−1 0
)
, e2e3 7→
(
0 1
0 0
)
, e2e4 7→
(
0 0
s 0
)
,
e3e4 7→
(
1 0
0 0
)
, e1e2e3e4 7→
(
s 0
0 0
)
, e1e2(e4 + e3)(e4 − e3) 7→
(
s 0
0 s
)
.
The Brauer-Severi variety of an Azumaya algebra A is the variety of left module quotients
of A of dimension two. This is also naturally ideals of A of codimension two. This shows that
the Brauer-Severi variety of Cl0Q is isomorphic to P
1 ×∆ with parameters [x : y, α] giving
the left ideal of kJsK2×2 generated by
(xe11 + ye12, xe21 + ye22, s− α)
where the eij are the matrix units. So we compute the image
W 7→ (Cl(Q)W )0 = Cl1(Q)W
where W is spanned by w1, w2. To this end we compute Cl1(Q)w1 and Cl1(Q)w2 to obtain,
b
a
e4w2 + e2w1 − a
b
e3w2 + 2
a
b
e1e2e3w1 = e1e2(e4 + e3)(e4 − e3) + θ 7→ s+ θ,
e1e3e4w1 =
a
b
e1e3 − e3e4 7→ −a
b
e12 − e11,
e4w1 =
a
b
− e1e4 − a
b
e3e4 7→ a
b
e22 + e21.
So we see that w1 ∧ w2 7→ [b : a,−θ] = [x : y, α], which clearly gives an isomorphism of our
two parametrizations
P
1
[a:b] ×∆θ → P1[x:y] ×∆s.

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The maximal isotropic Grassmannian of Q consists of two disjoint conics away from the
degenerate locus. These merge into the same conic over the degenerate locus. It follows
that BSV(Bx) ≃ OGr(2, 4,Qx) which is a conic bundle on M . This is related to a classical
correspondence where M is a moduli space of rank 2 sheaves of X with c1 = OX(1), c2 = 4.
These sheaves arise from quadrics in P5 and are known in the literature as spinor bundles.
In general M is not a fine moduli space that is a universal sheaf does not exist. However a
quasi universal sheaf E does exist such that E|X×m ≃ Fm2 where Fm is a representative of the
the isomorphism class of bundles corresponding to m [18].
Consider the incidence correspondence in P2 × P5 ×Gr(2, 5),
I = {(a, x,Λ) | a ∈ P2, x ∈ X,Λ ⊂ Tx(Qa) ∩Qa}
This is a conic bundle p : I → X ×M such that for each x ∈ X , I|x×M ≃ OGr(2, 4,Qx) ≃
BSV(Bx) and I|X×m ≃ PFm.
The obstruction to the existence of a universal sheaf is the obstruction to lifting I to a rank
2 vector bundle on X ×M . In fact I admits a section if and only if there exists an element
in Pic(X) which has odd intersection with OX(1). In particular if ρ(M) = 1 then I does not
admit a section therefore the period of Bx is 2. if X contains a line then X ≃ M and I lifts
to a vector bundle on X ×M . In this case the moduli problem is symmetric [15].
Consider the short exact sequence as in [7]
0→ O → J → TI/X×M → 0,
where TI/X×M is the relative tangent sheaf. Then B = π∗(End J) ≃ π∗J is an Azumaya
algebra on X × M and BSV(B) ≃ I. So B is a universal family on X × M such that
B|x×M ≃ Bx. Moreover B|X×m ≃ Fm ⊗ Fm∨, up to tensoring by line bundles, where Fm is a
spinor bundle on X corresponding to m ∈ M . As an application of Theorem 5.8 we get a
derived equivalence D(X) ≡ D(B) where B = πM∗End E . The underlying gerbe of B is the
same as that of Bx as defined in 6.2.
We use the results from [7] to compute the Chern invariants of BSV(Bx).
χtop(BSV(Bx)) = 2χtop(M) = 48,
χ(OBSV(Bx)) = χ(OM) = 2,
K3BSV(Bx) = c2(Bx) = 8
We need one more result to proceed. Given a curve S of genus 2, there is a pencil of
quadrics X in P5 such that S is isomorphic to the Stein factorisation of the family of planes
in X . The base locus U of X is a complete intersection of two quadrics. Given any point
u ∈ U, and a quadric Q in X , the variety Tu(Q) ∩ Q is a cone over a quadric surface. So
projecting away from u we get a quadric surface bundle on S. The variety of lines in this
quadric surface bundle is a conic bundle P on S. Varying u we get a conic bundle P on
U ×S. Since U ×S has torsion free cohomology and H2(U ×S,O) = 0 this conic bundle lifts
to a universal family F of rank 2 vector bundles of odd degree on S [23]. We summarise the
construction and some results of [23] in the following Theorem.
Theorem 4.6. Let S be a genus two curve. Then the moduli space of rank 2 bundles with
fixed determinant of odd degree on S can be constructed as the base locus U of a pencil of
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quadrics X in P5. The universal rank 2 vector bundle of the moduli space gives a conic bundle
over U × S. For a given u in U , this conic bundle over {u} × S is the variety of lines in
the projection from u of the singular quadric Tu(Q) ∩ Q. In particular, given p, q in U the
corresponding conic bundles are isomorphic if and only if p = q.
The above construction can also be studied using Koszul duality and Clifford algebras, but
we will not undertake this point of view in this paper.
Theorem 4.7. Let φ : M → P2 be a K3 surface realised as a double cover of P2 branched
along a smooth sextic C. Let L be an even theta characteristic on C such that H0(L) = 0
and let Q¯ the net of quadrics in P5 obtained from a minimal resolution of L. Let X be the
base locus of Q¯. Then X is a moduli space of rank 4 Azumaya algebras on M with χ = 0,
and c2 = 8.
Proof. For each x ∈ X , we construct a rank 4 Azumaya algebra Bx with χ(Bx) = 0 and
c2(Bx) = 8, as in Theorem 4.3. Let M denote the moduli stack of rank 4 Azumaya algebras
on M with c2 = 8 and same underlying gerbe as Bx for some x ∈ X as defined in 6.2. Since
h0(Bx) = 1, it follows that h
1(Bx) = 2. From the long exact cohomology sequence associated
to the short exact sequence
0→ O → Bx → Bx/O → 1
we get h1(Bx/O) = 2 and h2(Bx/O) = 0. Therefore by Proposition 3.6, we have that M is
two dimensional.
Recall that an Azumaya algebra A is simple if h0(A) = 1. Given a simple Azumaya algebra
A of rank r2 (equivalently degree r) on a K3 surface we know that c2(A) ≥ 2r2 − 2. So for
simple rank 4 Azumaya algebras we get c2 ≥ 6. By Corollary 6.7 it follows that the Azumaya
algebras Bx have minimal c2, so M is a smooth projective surface (see Theorem 2.8).
The underlying gerbe of Bx is an element of the discrete group H
2(M,µ2), as defined in 6.2
hence stays constant as we vary x in X . So we have a morphism ψ : X → M. We need
to show that it is injective to conclude that X ≃ M. It is enough to show that for distinct
points x, y in X , BSV(Bx) is not isomorphic to BSV(By).
By Theorem 4.5, we have that BSV(Bx), the Brauer-Severi variety of Bx, is isomorphic
to the maximal isotropic Grassmannian of IsGr(2, 4,Qx). Let S be a smooth genus 2 curve
in M, which is an element of the linear system OM(1). Then S corresponds to a pencil of
quadrics X contained in Q. The base locus U of this pencil is a moduli space of rank 2 vector
bundles of odd degree on S as in Theorem 4.6. Each point x ∈ U defines a conic bundle
Px on S. When x ∈ X ⊂ U , we have that Px ≃ IsGr(2, 4,Qx|S ) and so, by Theorem 4.5, is
isomorphic to BSV(Bx)|S .
Suppose there are two distinct points x and y in X such that the Brauer-Severi varieties
BSV(Bx) and BSV(By) are isomorphic. Then BSV(Bx)|S ≃ BSV(By)|S are isomorphic conic
bundles which contradicts Theorem 4.6. Therefore the map ψ : X → M is injective and
X ≃M.

In generalM is a non fine moduli space of sheaves on X because the conic bundle I does not
lift to a vector bundle. Theorem 4.7 forms a type of inverse of this moduli problem. However
there is a subtlety here because we have to make a choice of a theta characteristic. So whereas
given an X in P5 there is a unique M , given an M there isn’t a unique corresponding K3
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surface X . There are 29(210 + 1) even theta characteristics so there are 29(210 + 1) choices
for X all of which are non isomorphic as K3 surfaces. The obstruction to the existence of a
universal sheaf is an element α ∈ Br(M) which can be described in terms of a Hodge isometric
embedding TX → TM via the Fourier-Mukai map on cohomology. There are 29(210 + 1) even
sublattices of TM , of index 2, which arise as transcendental lattices of a K3 surface X [26].
So given a K3 surface M we get 29(210 + 1) non isomorphic division algebras on M whose
moduli spaces are the corresponding distinct K3 surfaces X .
An equivalent formulation of the inverse of the Mukai correspondence is in terms of twisted
sheaves, so X can be viewed as a moduli space of twisted sheaves on M as in [8], [13] [27].
5. Derived Equivalence
Let X be a K3 surface. For the product of X ×M we let πX , πM be the projections, and
we denote the fibres over points m ∈M and x ∈ X by Xm,Mx. Let v be a Mukai vector such
that the moduli space M of vector bundles with Mukai vector v is a surface. The following
results due to Mukai are well known [21], [22].
Proposition 5.1. The moduli space M of stable vector bundles Em with Mukai vector v, if
non empty and compact, is a K3 surface. There is a quasi-universal sheaf E on X ×M such
that for each point m of M we have E ⊗OXm ≃ E⊕nm .
From the quasi-universal sheaf E we construct an Azumaya algebra on M .
Proposition 5.2. Let B = πM ∗ End X×M E . Then B is an Azumaya algebra on M and πM ∗E
is a B-module and E is a π∗MB module.
Proof. Since each Em is a simple, we know that End(Em) = k, and so
H0(Xm, End (E)⊗OXm) ≃ H0(Xm, E ⊗ E∗ ⊗OXm)
≃ H0(X,E⊕nm ⊗ (E⊕nm )∨) ≃ End(E⊕nm , E⊕nm ) ≃ kn×n
and since B is a coherent sheaf of OX -algebras, by cohomology and base change we see that
B is Azumaya. 
Let A be an OX -algebra and let B be an OM -algebra. By this we mean that OX is central
in A. Let Bo be the opposite algebra of B. As usual we define A ⊠ Bo = π∗XA ⊗ π∗MBo.
Following Van den Bergh, we define an A − B bimodule to be a quasi-coherent sheaf E on
X ×M that has the structure of an A⊠ Bo module. We sometimes write AEB to emphasise
the bimodule structure. We define functors
E ⊗B − = πX∗(E ⊗pi∗
M
Bo π
∗
M−)
from the category of left B-modules to right A-modules and
−⊗A E = πM∗(π∗X −⊗pi∗XAE)
from the category of right A-modules to left B-modules.
We use the methods of Bridgeland [5] to determine conditions for these functors to induce
a derived equivalence. Let X and M be K3 surfaces, A = OX and B = πM∗ End E as above.
The main fact needed to generalise Bridgeland’s proof is the following easy Lemma.
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Lemma 5.3. There is a natural isomorphism
k1×n ⊗kn×n kn×1 ≃ k.
Proof. We can verify this directly or use the Yoneda Lemma and the adjunction of tensor
and Hom . 
For every point m ofM the fibre of B is a matrix algebra Bm ≃ kn×n. There is a simple B-
module Vm ≃ kn×1 supported at m that is unique up to isomorphism. Note that the modules
Vm are not the fibres of a vector bundle in any way that is consistent with their structures of a
B-module unless B is trivial in the Brauer Group BrM . Let Ω = {Vm | m ∈M}. Following
[5] we call Ω a spanning class for D(B) if for all i,m we have HomD(B)(Vm, C[i]) = 0 then
C = 0 and if for all i,m we have HomD(B)(C[i], Vm) = 0 then C ≃ 0. Since every coherent
B-module has a non-trivial surjection to some simple module Vm, we have the following
Lemma.
Lemma 5.4. The modules Ω form a spanning class for the derived category D(B).
Proof. First note that since ωB ≃ B the two conditions are equivalent. So we focus our
attention on the latter. We know that for any coherent B-module there is some m so that
HomB(F, Vm) 6= 0, since F must have a simple quotient. So if HomB(F, Vm) = 0 for all m
then F = 0. Now let C be an object of D(B) such that C 6= 0. Then there is a spectral
sequence
ExtpB(Hq(C), Vm)⇒ HomD(B)(C[q − p], Vm).
Since we are in the bounded derived category there is a maximal q such that Hq(C) 6= 0, so
for some m ∈ M there is a homomorphism in HomB(Hq(C), Vm) 6= 0. Since we have p = 0
and q is maximal we have that q− p is maximal, and so HomB(Hq(C), Vm) can not vanish in
the spectral sequence. 
We need another Lemma concerning an adjunction that we prove using the Serre functor.
Recall that if we let f ∗ : OM → B be the structure map then the dualising bimodule for B is
ωB := f
!ωX := HomB(B, ωX) = B
∨ ⊗ ωX
which satisfies Serre duality
ExtiB(a, b)
∗ = Extn−iB (b, ωB ⊗ a).
In particular SB := ωB[n]⊗B − defines the Serre functor on D(B) so we have the equation
HomD(B)(a, b)
∗ = HomD(B)(b, S(a)).
In our particular case where M is K3 and B is Azumaya, we have that ωB ≃ B and ωX ≃ OX
as bimodules.
Lemma 5.5. For an π∗MB-module a and a B-module b, we have the adjunction
HomD(B)(RπM∗a, b) = HomD(pi∗
M
(a, ωX [n]⊗ π∗Mb).
Proof. We start with the left hand side and apply the Serre functor to derive that
HomD(B)(RπM∗a, b) ≃ HomD(B)(b, ωB[n]⊗B RπM∗a)∗
≃ HomD(B)(ω∨B[−n]⊗B b, RπM∗a)∗ ≃ HomD(pi∗MB)(π∗M(ω∨B[−n]⊗B b), a)∗
≃ HomD(pi∗
M
B)(π
∗
Mω
∨
B[−n]⊗ π∗Mb, a)∗
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≃ HomD(pi∗MB)(a, ωX [n]⊠ ωB[n]⊗ (π∗Mω∨B[−n]⊗ π∗Mb)
≃ HomD(pi∗MB)(a, ωX [n]⊗ π∗Mb).

Let F : D(B)→ D(X) be the derived functor of E ⊗B −. Note that despite the notation,
this is a right derived functor. Since E is a flat B-module we only need to derive the πX∗. So
DF (−) = RπX∗(E ⊗ π∗Bo−).
By results of Bridgeland, we only need verify that the following conditions are satisfied.
Theorem 5.6. The derived functor of F induces an equivalence of derived categories if
(1)
HomX(FVm, FVm) = k.
(2)
ExtiX(Em1 , Em2) = 0 for all i and m1 6= m2
.
(3)
Em ⊗ ωX ≃ Em.
Proof. We calculate
FVm = RπX∗(E ⊗pi∗
M
B π
∗
MVm)
≃ RπX∗(E⊕nm ⊗On×n
X
π∗Mk
n×1)
≃ RπX∗Em ≃ Em.
Since each Em is simple it follows that HomX(Em, Em) = k. Since M is a moduli space of
sheaves on X , (2) is satisfied. Condition (3) is a consequence of the fact that X is a K3
surface and hence ωX ≃ OX .

Lemma 5.7. Let
FL = R(Hom(π∗MB, E)⊗ π∗XωX [dimX ]⊗X −).
and
FR = R(Hom(π∗MB, E)⊗ π∗MωB[dimM ]⊗X −).
then FR and FL are left and right adjoints to DF = R(E ⊗B −).
So by a straightforward adaptation of the methods in [5] we have the following theorem.
Theorem 5.8. Let M be a K3 surface which is a moduli space of stable sheaves on a K3
surface X, with Mukai vector v. Let E be a quasi-universal sheaf on X × M . Let B =
πM∗(End E). Let D(B) denote the derived category of left B−modules on M . Then there is
a derived equivalence D(B) ≃ D(X).
For an equivalent formulation in terms of twisted sheaves see [8], [13].
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6. Moduli Spaces
Let A be a simple Azumaya algebra of rank r2 over X . Consider M, the moduli stack
of Azumaya algebras that are Morita equivalent to A. Let MA be a component of M that
includes A. The gerbe underlying A in H2(X, µr) is constant over MA since this group is
discrete.
In this Section we show that if A and A′ are Azumaya algebras of degree r that have the
same underlying gerbe, then 2r | c2(A) − c2(A′). This shows that if the second Chern class
jumps down in MA then it must jump down by at least 2r. Hence if A is simple and has its
second Chern class within 2r of a lower bound, then it has minimal c2 and by Theorem 2.8,
MA is a proper moduli space.
We need the following diagrams:
Lemma 6.1. There is a commutative diagram
Gm Gmx
x
Gm −−−→ GLr −−−→ PGLrx
x
x
µr −−−→ SLr −−−→ PSLr
of short exact sequences. There is also a commutative diagram
µr µr µry
y
y
SLr ←−−− G −−−→ Gmy
y
y(−)r
PGLr ←−−− GLr det
−1−−−→ Gm
where the bottom squares are both Cartesian.
The map (−)r : Gm → Gm is the rth power map. The proof is a straight forward diagram
chase. So the group G above can defined as either of
G = GL×PGL SL ≃ GL×GmGm.
So we have a commutative diagram
H1(PSLr) −−−→ H2(µr)∥∥∥ y
H1(PGLr) −−−→ H2(Gm)
Definition 6.2. Given an Azumaya algebra we obtain a class in H1(M,PGLr) which we can
map to an element of H2(µr). We call this the underlying gerbe of the Azumaya algebra. The
image in H2(M,Gm) is the corresponding element in the Brauer group.
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The previous Lemma shows that given a curve C we have a commutative diagram.
H1(C,GLr)
det−1−−−→ PicCy y
H1(C,PGLr) −−−→ H2(C, µr)
So if we have a vector bundle V on C with rank r and degree v then the value of −v
(mod r) is an invariant of V ⊗ V ∗ and can be considered to be the image of the composition
H1(C,PGLr)
≃→ H1(C,PSLr)→ H2(C, µr).
To proceed we need several results from [1].
Definition 6.3. Let A be an Azumaya algebra on a smooth surface X . Let Y be a smooth
curve in X , the restriction A⊗OY splits by Tsen’s Theorem so there is a vector bundle V on
Y such that A⊗OY ≃ End (V ) ≃ V ⊗ V ∗. Let F ⊂ V be a subsheaf of V which is locally a
direct summand. There are canonical surjective maps of right A-modules:
A→ AY ≃ V ∗ ⊗ V → F ∗ ⊗ V.
Let KA be the kernel of the composed map, so we have an exact sequence of right A-modules.
0→ K → A→ F ∗ ⊗ V → 0.
Artin and de Jong, [1] 8.2, define A′ = A′(A, Y, V, F ) := End KA to be the elementary
transformation of A.
Proposition 6.4. [1] 8.2.11 Let A,A′ be two Azumaya algebras in the same central simple
algebra k(A) over a smooth projective surface. Then there is a smooth curve Y ⊂ X and a local
direct summand F ⊂ V such that A′ is the elementary transformation A′ = A′(A, Y, V, F ).
Furthermore F can be taken to be an invertible sheaf. Furthermore we may also replace Y by
a smooth curve linearly equivalent to a a multiple of Y .
Let Q = V/F, be the quotient bundle on Y , and let us denote the ranks and degrees of
V, F,Q as v0, v1, f0, f1, q0, q1, respectively. Note that v0 = f0 + q0 = r and v1 = f1 + q1. We
need the following formula:
Proposition 6.5. [1] 8.3.1 Let A′ = A′(A, Y, V, F ) be an elementary transformation of A,
then
c2(A
′)− c2(A) = −f0q0C2 + 2(f0q1 − f1q0)
Note: The formula as stated in the manuscript [1] has a minor error.
Proposition 6.6. Let A and A′ be Morita equivalent Azumaya algebras of degree r with the
same underlying gerbe in H2(X, µr). Then 2r | c2(A)− c2(A′).
Proof. By Proposition 7.3 [1], A′ is the elementary transformation of A over a smooth curve
C in M . This implies that there is the data of a decomposition A|C = V ⊗ V ∗ and a
subvector bundle F of V of rank one, from which one can build A′. We let Q = V/F and
let q0, q1, f0, f1, r, v1 be ranks and degrees of Q,F and V respectively. So q0 + f0 = r and
q1 + f1 = v1. We have that f0 = 1 and q0 = r − 1. Note that the class of C in H2(X, µr) is
the difference of the classes of A,A′ in H2(X, µr) by [1] Corollary 8.2.10. We can also choose
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C sufficiently large, as long its Chern class is zero in H2(X, µr). So we choose C = rD such
that 2r |C2. Then (see Proposition 6.4)
c2(A
′)− c2(A)
= −f0q0C2 + 2(f0q1 − f1q0)
= −f0q0C2 + 2(v1 − f1r)
= −(r − 1)C2 + 2(v1 − f1r).
So if we can show that r | v1 then we are done.
The value of −v1 (mod r) is an invariant of V ⊗ V ∗ over C and is the image of the
composition
H1(C,PGLr)
≃→ H1(C,PSLr)→ H2(C, µr).
Recall that our Azumaya algebra A gives us an element of
H1(X,PGLr)
≃→ H1(X,PSLr)→ H2(X, µr)→ H2(C, µr).
The image of A in H2(C, µr) via the above mapping H
2(X, µr)→ H2(C, µr), takes the value
−v1 (mod r).
Now since C = rD, we conclude that the image of H2(X, µr) → H2(C, µr) is 0. So we
must have that r | v1. 
Corollary 6.7. Let A be an Azumaya algebra of degree r and suppose that there is a lower
bound c2(A
′) ≥ k for all Morita equivalent Azumaya algebras A′ of degree r. If c2(A) < k+2r
then A has minimal c2.
Proof. Let A′ be an Azumaya algebra of degree r, Morita equivalent to A. Suppose there
exists an A′ such that c2(A
′) < c2(A). Then by the above Proposition 2r | c2(A) − c2(A′)
which implies that c2(A) ≥ k + 2r which is a contradiction. Therefore A must have minimal
c2. 
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